Mathematica 11.3 Integration Test Results

Test results for the 51 problemsin "4.1.2.3 (g sin)*p (a+b sin)"m (c+d
sin)*n.m"

Problem 8: Result more than twice size of optimal antiderivative.

JCsc[ewa}“ (a+asinfe+fx])? (c-cSin[e+fx]) dx

Optimal (type 3, 61leaves, 6 steps):

a2 cArcTanh[Cos[e+fx]] a%’cCot[e+fx]® a?cCot[e+fx]Cscle+fX]

2f 3f 2f

Result (type 3, 172leaves):
Cot[i (e+fx)] Csc[i (e+fx)]2

6f 8f

Cot[i (e+Fx)] Csc[i (e+fx)]2 ) Log[Cos[i (e+fx)]] ) Log[sin[i (e+Fx)]] )

24 f 2f 2f

Sec[i (e+Fx)]2 _Tan[i (e+Fx)] ) Sec[i (e+Fx)]2Tan[i (e+Fx)]

8f 6f 24

Problem 9: Result more than twice size of optimal antiderivative.

JCsc[ewa]5 (a+asinfe+fx])? (c-cSinfe+fx]) dx

Optimal (type 3, 86 leaves, 11 steps):

a’?cArcTanh[Cos[e+fx]] a%’cCot[e+fx]3
- +

8 f 3f
a’cCot[e+fx] Cscle+fx] a?cCot[e+fx]Cscle+fx]3
8 f af

Result (type 3, 179leaves):
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a2 c Cot [e + f x| achsc[i (e+fx)]2 achsc[i <e+fx)]4
N _ _

3f 32 f 64 f
a’?cCot[e+fx] Cscle+fx]? aZCLOg[Cos[i<e+fx)H
+ —
3f 8 f
achog[sin[i (e+fx)]] ) achec[i (e+-Fx)]2 ) achec[i <e+fx)]4
8 f 32f 64 f

Problem 13: Result more than twice size of optimal antiderivative.

Csc[e+fx] Va+aSin[e+fx]
J dx

c-cSin[e+fXx]

Optimal (type 3, 69 leaves, 5 steps):

_/a Cosfe+fx]
2+/a ArcTanh| 2 Coslesfx
a+aSinfe+f x] 2Sec[e+fx] Ja+aSin[e+fx]
+

cf cf

Result (type 3, 157 leaves):

1 1
—Sec[e+fX] (2+Cos[— (e+fx)]
cf 2

—Log[1+Cos[§ (e+fx)] —Sin[% (e+fx)]]+

Log[l—Cos[% (e+fx)] +Sin[§ (e+fx)]]] +

(Log[1+Cos[§ (e+fx)] —Sin[i (e+fx)]] —Log[l—Cos[% (e+fx)] +Sin[§ (e+fx)]]

Sin[1 (e+fx)]

A \/a(1+Sin[e+Fx])

Problem 14: Result unnecessarily involves imaginary or complex numbers.

Cscle + f Xx]

dx

J\/aJraSin[eJr-Fx} (c-csinfe+fx])

Optimal (type 3, 120leaves, 8steps):
ZAPCTanh[M] Ar‘cTanh[ a Cosfe+f x]

/a+aSin[e+f x] N2 +/a+asin[e+fx] Sec[e + fx] \/a+aSin[e+-Fx]
- + +
va cf V2 AJa cf acf

Result (type 3, 234 leaves):
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1

cf (-1+Sinfe+fx]) \/a (1+sinfe+fx])

—1+Cos[§ (e+fx)]

Cos[e+fXx]

Log[1+Cos[§ (e+fx)] —Sin[% (e+fx)]]-

Log[1-Cos |~ (e« x]] +Sin[§ (e+-Fx>H) (1) (-2)
Cos[1 (e+fx)] —Sin[l (e+fx)]]-

2
] 2 2
Log[1+Cos[§ (e+fx)] —Sin{% (e+fx)]] Sin[% (e+fx)]+

Ar‘cTanh[[§+ %) (-1)%* (—1+Tan[i (e+Fx)]

Log[l—Cos[i (e+fx) | +Sin[% (e+fx)]] Sin[% (e+fx)]

Problem 15: Result unnecessarily involves imaginary or complex numbers.

J\/gSin[e+'FX] vJa+aSinfe + fx] dx

c-cSin[e+ fx]

Optimal (type 3, 103 leaves, 6 steps):
2+/a /g ArcTan| a Vg Cos[e+fx]

Jesinlerfx) +farasinferfx] 2Sec[e+fx] VgSin[e+fx] Va+aSin[e+fx]
+
cf cf

Result (type 3, 180leaves):

Zej(eﬂcx) 2 _1+e2j1(e+'Fx) +

(1+ief (e*‘c’()) ArcTan | !

_1 + @21 (e+fx)

vJgsin[e+fx] \/a (1+sin[e+fx])

] - (—Ji+<ej‘ (e*fx)) Log[cejl (e+fx) 4 [ 14 @2t (e X) ]]

/ (C 14 @21 (erfX) (1+erl (e+fx)> 'F)

Problem 17: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J VgSsSin[e + f x]
Va+aSin[e+fx] (c-cSin[e+fx])

dx

Optimal (type 3, 114 leaves, 6 steps):

\/EAr'cTan[ a /g Cosfe+fx]
V2 \[gsinfesfx] +/asasiniesfx] Sec[e+fx] VgsSin[e+fx] Va+aSin[e+fx]
+

V2 Va cf acf
Result (type 4, 232 leaves):
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Cos[~ (e+Fx)]|-sSin[= (e+fx)]

N |
N =
N |

(e+-Fx)] +Sin[§ (e+-FxH

(Cos[

VgSin[e+fx] |1-||EllipticF [Ar‘cSin [

JTan[i (e+fx)]
1

\/Tan[i (e+Fx)]

EllipticPi[1-+/2, -ArcSin]

EllipticPi[1++/2, -ArcSin]

\/Tan[i(eJrfx”

Sec| <e+fx)]2 Cos |

\/1_Cot[

(f\/a (1+sinfe+fx]) (c-cSinfe+fx])

<e+-Fx)] - Sin| (e+Fx”

N |-

/

FNQNPN
N R

(e+Fx)]2 Tan|

FNQUPN
PN

(e+'FXH3/2] /

Problem 18: Result unnecessarily involves higher level functions.
1

dx

J\/gSin[eJr-Fx] Va+aSin[e+fx] (c-cSin[e+fx])

Optimal (type 3, 118 leaves, 6 steps):

a g Cos[e+fx]

Ar‘cTan[

V2 \[gsinferfx] \[araSin(erfx] Sec[e+fx]VgsSin[e+fx] Va+aSin[e+fx]
+

V2 Ja cfg acfg
Result (type 4, 234 leaves):



Mathematica 11.3 Integration Test Results for 4.1.2.3 (g sin)”p (a+b sin)~m (c+d sin)”n.nb | 5

Cos[~ (e+Fx)]|-sSin[= (e+fx)]

N |
N =
N |

(e+-Fx)] +Sin[§ (e+-FxH

(Cos[

Vgsin[e+fx] |1+ ||EllipticF[ArcSin] |, -1] +
JTan[}1 (e+fx)]
EllipticPi[1-+/2, -ArcSin] ! ], -1] +
\/Tan[i (e+Fx)]
EllipticPi[1++/2, -ArcSin] ! ], -1]

\/Tan[i(eJrfx”

<e+fx)]2 Cos | (e+Fx”

/

Sec [

\/1_Cot[

(fg\/a (1+sinfe+fx]) (c-cSinfe+fx])

<e+-Fx)] - Sin|

N |
N |-

FNQNPN

(e+Fx)]2 Tan|

FNQUPN
PN

(e+'FXH3/2] /

Problem 20: Result unnecessarily involves imaginary or complex numbers.

dx

JCsc[eﬂcx] va+aSinfe + fx]

Vc-cSinfe + fx]

Optimal (type 3, 102 leaves, 6 steps):
aCos[e+fx] Log[1l-Sin[e+fx]] 1
. —

f/a+asin[e+fx] V/c-cSin[e+fx] ¢f
Log[Sin[e + fx]] Sec[e + fXx] vJa+aSin[e+fx] Vc-cSin[e+fx]

Result (type 3, 144 leaves):
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(\/? (-i+e'®F9) (2arcTan[e! @ F9] 4 i (Log[1-e2! (¥ ] - Log[1+e2t (¥ ]))

\/a (1+Sin[e+fx}) )/ [\/jcei(e*‘cx) (—J'l+ei(e”:x>>2 (J’l+ei(e”:x>>f

Problem 21: Result unnecessarily involves imaginary or complex numbers.

dx

JCsc[eJrfx] Jc-cSinfe + fx]
va+aSin[e + fx]

Optimal (type 3, 100 leaves, 6 steps):
cCos[e+fx] Log[1l+Sin[e+fx]] 1

fa+asin[e+fx] V/c-cSin[e+fx] af
Log[Sin[e + fx]] Sec[e + fx] Ja+aSin[e+fx] Vc-cSin[e+fx]

Result (type 3, 145leaves):
(\/7 (i+e' ) (2ArcTan[e’ ¢F ] - i (Log[1-e®’ (*F¥ | - Log[1+e?! (¢F¥ ]))

Vc-cSinfe+fx] )/ [(-J'Hefl () ) J-jae“e*f” (i+et (@02 ¢

Problem 22: Result more than twice size of optimal antiderivative.

Cscl[e+ fXx]

dx

J\/a+aSin[e+1:x1 vc-cSinfe + fx]

Optimal (type 3, 46 leaves, 3 steps):
Cos[e +fx] Log[Tan[e + f x]]

fa+asSin[e+fx] Vc-cSinfe+ fx]

Result (type 3, 96 leaves):

Cos[e + f x] (Log[Cos[% (e+fx)] —Sin[% (e+fx)H +

Log|Cos|— (e+fx) | +Sin|— (e+fx - Log[Sin[e + fx]]
1 1
2 2

Problem 23: Result is not expressed in closed-form.

)/

(F\/a (1+sinfe+fx]) vc-cSinfe + f x]

Cscle+fx] Va+aSin[e+fx]
J dx

c+dSin[e + f x]

Optimal (type 3, 105leaves, 5steps):
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zﬁAchanh[M] 2/a /d ArcTanh[ —(a/d Coslesfx]

B \/a+asSin[e+fx] ) vc+d /a+aSin[e+fx]
cf c\cid f
Result (type 7, 746 leaves):
1
cec+d f (Cos[i (e+fx)] +Sin[i (e+Fx)H
1 i 1 1
[*—*) (4+41i)Vc+d |Log[1+Cos|[= (e+Ffx)]-Sin[= (e+fx)]]-Log]
8 8 2 2
17Cos[l (e+fx)] +s:'m[l (eﬂcx)}]] ++/d RootSum[-d+2ice’®n1?+de? ®n1*g,
2 2

{(1+i)d ete 'FX—(Z—ZJi)d ete Log[eizi—ttl]—jl\/?\/c+d fxal+

ifx
. i 2 . —-— 2
zﬁmLog[en: -HL] el (1-1) cfxm + (2+24) clogle: -] -

e—ne e—ne

£

Vd Ve+d etefxm1®-2i+/d Ve+d e“Log[e%—Hl] 13 /(—id—ce“ﬁlz) &]

(cOs[E} H‘LSin[S]) ++/d RootSum[-d+21ice®n1?+de?!®n1*g,
2 2

! (1-i)dye'® fx+ (2+21)dyJe’® Log{e¥—nl] +Vd Ve+d fxals

d-1icel®m1?

(1+1) cfxm2  (2-21) cLog[eizﬂ—Hl] 12

ifx
2i+d Vc+d Log[e 2 -ul]nl- + -

e—]ie e—]ie

ifx

ivd Verd e e fxm1?+2+/d c+d e logle: -nl] w1?| &

(Cos[g} +iSin{§])] \/a (1+sinfe+fx])

Problem 24: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscl[e + fXx]

dx

J\/aJraSin[eJr-Fx} (c+dsin[e+fx])

Optimal (type 3, 165leaves, 8steps):
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2Ar‘cTanh[M] V2 ArcTanh]| a Cos efx] 2 d*/2 ArcTanh [ —2~/d Coslerfx]
- + —
Va cf Va (c-d)f Vac(c-d)Verd f

Result (type 3, 331 leaves):
1

¢ (c-d)Vec+d -F\/a 1+Sinfe+fx])
(2+21) (-1)**c mAr‘cTanh[(er]i) (-1)%*

2

~1+Tan[~ (e+fx)]||] +

N

(c-d) mLog[lJrCos[i (e+Fx)] 7Sin[§ (e+fx)]]-
cmLog[l—Cos[i (e+fx)] +Sin[£ (e fx)]]+

2

dmLog[l—Cos[i (e+fx)] +Si“[§ (e+fx)]]+

d3/2Log[Sec[i (e+FxH2 (\/c+d +\/d_Cos[§ (e+fx)] —\/?Sin[i (e+fx”)} -

d3/2Log[Sec[% (e+1‘:x”2 (\/c+d —\/d_Cos[i (e+fx)] +\/?Sin[§ (e+fx)})})
1 1

Cos[g(e+1:x)]+51n[;(e+fx)})

Problem 25: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/gSin[e+'FX] vJa+aSinfe + fx] dx

c+dSin[e+ fx]
Optimal (type 3, 149leaves, 5steps):
2+/a /g ArcTan [ 3 g Cos[erfx]

\/gSin [e+f X] \/a+a Sin[e+f Xx]
df

Z\E\E@APCTan[ a ve Ve Coslerfx]
A/ c+d \/gSin[en’-x] \/a+aSin[e+~Fx]

dvc+d f
Result (type 3, 908 leaves):

2. ﬁJ—
\/ﬁm‘ﬂan[ ! I+

\/—1+Cos[2 (e+fx)]+isin[2 (e+fx)]
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\/?\E{ c+~/c2-d? (7c+d+xlc27d2)Log[dleczfdz eteliv2d-+2 ¢

.f:

/

el (@ Fx) /5 [c2_ g2 el (e+Fx) |54 +/C —c+\/c2—d2 \/71+e21(e+fx)

{2c3/21/c+ c?-d? (c+d+xlc2dz](c+x/c2d2+jdej(e*“)]J}+

i/ -Cc++/c?-d? [c—d+xlc2—d2)

id?ete {jﬁddczdz V2 et PO 2 d2et (e FX 1 /2 ¢

Log|

.F

[c2 g2 i (eF) | 2+/c +[c? - g2 c+\/c2—d2 \/_1+ezi(e+fx) /

{Zc”2 c++/c?-d? (c—d+x/c2—d2) (C+HC2—d2 —JideMe*fX))]}]—

21+/c?-d? \/c+x/c2d2 Jc+x1c2d2 Log[Cos[e+fx] +iSinfe+fx] +

J-1+Cos[2 (e+fx)]+isin[2 (e+fx)] |

(Cos[1 (e+fx)]+isin[= (e+fx)]

2

\VgSin[e +fx]

N |

<_

a(l+sinfe+fx])

/e

-+

Cos[% (e+-Fx)] +Sin[§ (e+fx”

\/—1+Cos[2 (e+-FxH +isin[2 (e+-FxH
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Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J va+aSin[e + fx]
Vgsin[e+fx] (c+dSinfe+fx])

dx

Optimal (type 3, 83 leaves, 2 steps):

2\/a_Ar‘cTan[ a v Vg Coslerfx] ]
A/ c+d \/gSin[eH:x] \/a+asin[e+1fx]

Ve Ac+d fig
Result (type 3, 748leaves):
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1 ,
(—+£] i/ c+rfc?-d? (—c+d+x/c2—d2)
2 2

LOg[ —]Le {rd ,szdz 7]'1\/?C2(ei(e+fx)+]'l\/7d2®i(e+fx)+

jﬁc\/ﬁej‘ (erfx) _2+f/c /c?- —c+\/c - d? \/ 1+ 2t (erfx)

.F

/

[\/? —c+~fc?-d? (—C+d+xlcz—d2){—C+xlcz—d2+idej(e*fx))]}—
—c+/c?-d? (c—d+\/c2—d2)

de—ie {—]].\/?d /c2_d2 +ﬁc2€i(e+fx)_ﬁdZGi(e+fX)+

Log|

V2 cfc?-d? el (0 L 24 /- c+\/c -d? \/ 1+ 2t (erfx

.F

/

e wm(~W-M“)]]]

=

Cos - e+Fx)] -iSin|

N |

(e+fx)] \/a (1+sinfe+fx])

/

N

V2

\/—1+Cos[2 (e+fx)]+isin[2 (e+fx)]

Ve

c?-d?
—c+4/C?-d?

c+q/c?-d?

.F

(Cos[

(e+-Fx)] +Sin| (e+-FxH

N |
N | =

\VgSinfe +fx]

Problem 27: Result unnecessarily involves higher level functions and more than
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twice size of optimal antiderivative.

VgSsSin[e + fx]
J dx
Va+aSin[e+fx] (c+dSin[e+fx])
Optimal (type 3, 166 leaves, 5 steps):
\/Tx/EAr‘cTan[ a g Cos[e+fXx] ] 2\/c_\/EAr‘cTan[ a C g Cos[e+fx]
\/7\/gsin[e+fx] \/a+asin[e+fx] \ c+d \/gSin[eH:x] \/a+asin[e+~Fx]
Va (c-d)f Va (c-d)Ve+d f

Result (type 4, 61316 leaves): Display of huge result suppressed!

Problem 28: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1
J dx
Vgsinfe+fx] Va+aSin[e+fx] (c+dSin[e+fx])
Optimal (type 3, 168 leaves, 5steps):
ﬁAr‘cTan[ a /g Cosle+fx] ] 2dAr‘cTan[ a \/c /g Cos[e+fx]
ﬁ\/gsin[erFx] \/a+asin[e+fx] \ c+d \/gsin[erFx] \/a+aSin[e+fx]
- +
Va (c-d) fg Va Ve (c-d) Verd £/g

Result (type 4, 99997 leaves) : Display of huge result suppressed!

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCsc[eJrfx] vJa+bSin[e+fx] g
X

c+cSinfe + f x]

Optimal (type 4, 238 leaves, 9 steps):

EllipticE[i (e—§+fx), ﬁ] vJa+bSinfe + fx]

cf a+bSinfe+f x
a+b

(a-b) EllipticF[2 [e- 2+ fx], 28 W

cfva+bSin[e+fx]

2aEllipticpi[2, * (e— z +1°x asbSinfesf x|
2 asb Cos e+fx]Va+bSin[e+fx]

cfva+bSin[e+fx] f(c+cSinfe+fx])

Result (type 4, 611 leaves):
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7([Zsin[1<e+fx)] Cos[l(e+fx”+sin[1(e+fx)] Ja+bSin[e+fx] /
2 2 2
(-F(c+cSin[e+Fx]))]+ 1
4f (c+csinfe+fx])
4bEllipticF[l(_e+1_fx),Q} asbsinlerfx]
1 1 2 2 a+b a+b
Cos[ =~ (e+fx)]+sin[= (e+fx)]| |- N
2 2 vVa+bSin[e + fx]

2 (-4a-b) EllipticPi[2, % (—e+ f_fX)J 2b] [ asbsinfesfx]

a+b a+b

+ |21 bCos[e+fXx]

Ja+bSinfe+fx]

Cos[2<e+fx)] 2a(a-b) EllipticE[i ArcSinh[ |- ! Va+bsinfe+fx] |, a+b} +
a+b a-b
c. . . 1 - a+b
b 2aE111pt1cF[1Ar‘c51nh[ - va+bsSin[e+ fx] ], ]—

a+b a-b

.. _.ra+b . 1 . a+b

b EllipticPi| , L ArcSinh| |- Va+bSinfe+fx] |, ]

a a+b a-b

a+b a-b a+b

b-bSi f b+bSi f 1
\/ infe + f x] \/_ +bSinfe + fx] /a ) \/1—Sin[e+fx]2

(72a2+b2+4a (a+bsinfe+fx]) -2 (a+bSin[e+-Fx])2>

\/ a’-b?-2a (a+bSinfe+fx]) + (aerSin[eJr-Fx])2
b2

2Cot[e+fx]Ja+bSin[e+fx] Sin[2 (e+fx)]

1-Sin[e+fx]?

Problem 30: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fXx]

dx

J\/a+bSin[e+1Cx} (c+csinfe+fx])
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Optimal (type 4, 246 leaves, 9 steps):

EllipticEE (e—§+fx), %] vJa+bSinfe + fx]

(a7b> cf a+bSinf[e+fx

a+b

ELlipticF [ L (e~ 2+ fx], W

cfVa+bSin[e+fx]

2Ellipticpi[2, ® (e— x +Fx asbsinfesfx]
2 § a+b asb Cos e+fx]Va+bSin[e +fx]

cfa+bSinfe+fx] -b) f (c+cSinfe+fx])

Result (type 4, 625leaves):
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vJa+bSinfe + f x]

/

Cos[1 (e+fx” +Sin|

5 (e+-Fx)]

<e+-Fx)]

N |

{fron

((a—b)f(c+c$in[e+1‘:x})))—

N |

1
4 (a-b) f (c+csSinfe+fx])

4bEllipticF[l(—e+l—fx), 2b ) [ arbSin(efxl
1 1 2 2 a+b a+b
Cos[~ (e+fx)|+Sin[= (e+Fx)] -
2 2 va+bSinfe + f x]
L. 1 7T 2b a+bSin[e+ fx]
2 (-4a+3b) EllipticPi[2, 7(—e+7—1‘x s }\/ /
2 2 a+b a+b
(\/a+bSin[e+fx] )— [21‘1bCos[e+fx] Cos[2 (e+fx)]
. . . . 1 - a+b
2a (a-b) EllipticE[i ArcSinh| |- Va+bsinfe+fx] |, |+
a+b a-b
L. . 1 _ a+b
b |2aEllipticF|iArcSinh| |- Va+bsinfe+fx] |, | -
a+b a-b
. .. .ra+b | . 1 . a+b
bE111pt1cP1[ ,]lAf‘CSlnh[ - Ja+bSinfe+fx] }, ]
a a+b a-b

/a o1 \/1—Sin[e+fx]2

a+b

b-bSin[e+fx] b+bSin[e + fXx]
a+b a-b

(—2a2+b2+4a (a+bsinfe+fx]) -2 (a+bSin[e+fx])2)

\/ a?-b2-2a(a+bSinfe+fx]) + (a+bSinfe+Ffx])?
bZ

2Cot[e+fx]Va+bSin[e+fx] Sin[2 (e+-Fx)]

1-Sin[e+fx]?
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Problem 31: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/gSin[eﬂcx] vJa+bSinfe + fx] O

c+cSinje+fXx]

Optimal (type 4, 267 leaves, 3 steps):

1 a+b Sin[e +fx a-b
2+/g Ellipticpi| ,Ar‘cSin[\/ -b Vesinierfx] ]y -—]
va+b cf a+b /g Va+bSin[e+fx] a+b

1-Si +f 1+Si +f
Sec[e+1:x]\/a< infe+fx)) \/a( infe+fx)) (a+bsinfe+fx]) +

a+bSin[e+ fx] a+bSin[e+ fx]

g E1lipticE [ArcSin| , -
1+Sin[e+ fx] a+b

Cos[e+ fXx] a-b \/ Sin[e + f x] JaibSinfe: fx] /

1+Sin[e+ fx]

_ \/ a+bSin[e+ fx] ]
cfvgSin[e + fx]

(a+b) (1+sinfe+fx])

Result (type 4, 10621 leaves):

[Zsin[1<e+fx)] Cos[l(e+fx”+sin[1(e+fx)] JgsSin[e+fx] Va+bSin[e+fx]

2 2 2
(f(c+csinfe+fx])) +

/

2
Cos[l (e+fx)] +Sin[l (e+fx)]| Vgsinfe+fx]
2 2

a+VSin[e + fx]

- +

2+va+bSin[e+ fx]

b~/Sin[e + f x] bCos[2 (e+fx)]Sec[} (e+Fx)]Vsin[e+fx]

2+/a+bSin[e+fx] 2+/a+bSin[e+fx]
bSec[% (e+fx)]sin[e+fx] Sin[% (e+fx)] a+/sin[e+fx] Tan[% (e+Fx)]
N _
2+va+bsSin[e+ fx] 2+a+bsSin[e+ fx]

b~/Sin[e + f x] Tan[% (e+Fx)]

2+/a+bSin[e+fx]

-2 (1+Tan[1 (e+fx>]

2
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Tan[i (e+Fx)] a+2bTan[§ (e+-FxH +aTan[§ (e+1:x)]2 .
1+Tan[§(e+fx)]2 1+Tan[%(e+-Fx)]2
L VZ cot[ (e fx)]

2
a a+2bTan“—(e+‘Fx)w+aTan“—(e+‘Fx)V
bﬂ/ﬁ 1+Tan{% (e+‘Fx)}2

Tan[i(em‘x” a a 1
a |————— +2b |————— Tan[~ (e+fx)]+
1+Tan[%(e+fx)]2 bi+v_a:b2 bi~_a2+b? 2

aCot[i (e+fx)]

b+ -a%+b?

a | — 2 Tan[1 (e+fx)]27j1 (7b+m] JlJr

b+ -a%+b? 2

a

b++/ -a2+b? b+ \/ijgi_z_gi_

EllipticE[i ArcSinh| ]

\/Tan[% (e+fx)]

]Tan[l (e+-|cx)]3/2

)
b-+-aZ+b? 2

a+bTan[§ (e+fx)]-+-a2+b? Tan[i (e+fx)]
bTan[i (e+-FxH - -a?+b? Tan[% (e+fx)]

+1 [a—b+ﬂ—a2+b2J

a

aCot[t (e+fx b/ —a2+b? 2 2
1+ [2 ( )] EllipticF[i ArcSinh] i ], bry-a’+b ]
1 b-+v-aZ+b?
Tan[;(eﬂcx)]

b+ -a%+b?

: )}3/2 a+bTan[%(e+-FxH—\/WTanE(e+fo
e+fx .

bTan[% (e+-Fx)] -/ -aZ+b? Tan[i (e+-FxH

Tan|

N |

acot[? (e+fx)]| i(b+\/—a2+b2)
2b |1+ 2 EllipticPi|-
b+ -a%+b? a

a

b++/ —a?+b?

i ArcSinh| B

JTan[i(ewa”
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a+bTan[§ <e+-Fx)] -+ -a?+b? Tan[% <e+-Fx)] aCot[i (e+fx>]
-2b |1+
bTan[i (e+fx” -/ -a?+ b2 Tan[i (e+fx>]

b++V-a%+b?

a

i (b++-a%+b? b~/ -a%+b? A/ —a2 + b2
E1lipticPi| | ) i ArcSinh| . ], ety
a _ A/ _ 12 2

\/Tan[l(eJr-FxH b atxb

a+bTan[§ (e+Fx)]-+-a%+b? Tan[i (e+Fx)]
bTan[%(e+-Fx)]—\/—a2+b2 Tan[%(eﬂcx)} /

3/2

Tan[i (e+fx)]

Tan[i (e+Fx)]

- . 1 1 2
f+/sinfe+fx] (c+cSinfe+fx]) |-——Sec[~ (e+fx)]
V2 2 1+Tan[%(e+fx)]2

a+2bTan[i (e+fx)} +aTan[i (e+Fx”2

1+Tan[i (e+FxH2

! Csc[l(eﬂcx)}z

2
\/7 a a+2bTanH—(eJr‘t:x)%aTanH—(eJr'Fx)w2
b++/ —a2+b2 1+Tan{% (e+-|fx)}Z

Tan[i(eﬂcx 1
Tan| - e+-Fx }+
1+Tan[l e+-Fx +b2 +b2 2

aCot[i (e+Fx)]

b++-aZ+b? 2 b+ -a%+b?

a | — 2 Tan[l (e+-Fx)]2—Ji (—b+m] J1+

a

b++/ —aZ+b?

N . b
E111pt1cE[11 Ar‘c51nh[ ].-
b

\/Tan[i (e+fx)]

+V -a?+b? 3/2

]Tan[% (e+1:x)]

-V -a2+b?
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a+bTan[§ <e+-Fx)] -/ -aZ+b? Tan[% <e+-Fx)]
\ bTan[i (e+fx)]-+-a2+b? Tan[i (e+fx)]

+1 [afb+\/7a2+b2J

a

aCot[t (e+fx bar/ —a2+b? 2 2

1+ 2 | ) E1lipticF [i ArcSinh| i ], yoaeh

b+ -a%+b? 1 b-+/-a%+b?
Tan[g<e+fx)]

a+bTan[i (e+FxH -y -a%+b? Tan[i (e+fx)}

Tan[l(eJr-Fx)f/2 +
2 bTan[i(e+fx)]7\/WTan[i(e+FxH
aCot[l(e+fo j(b+m)
2b |1+ 2 EllipticPi|- )
N a
a
) b/ ~a2+b? b+ -a2+b? 1 3/2
i ArcSinh| B ] Tan[= (e+fx)]
b-+-a2+b? 2

a+bTan[§(e+fx)]fvfa2+b2 Tan[i(em‘x)] J aCot[%(eﬂcx)]
-2b |1+

bTan[> (e+fx)|-+/-a2+b? Tan[> (e+fx)] b++/-a2+b?

a
i (b++V-a?+b? b/ —a2+b? NPy,
E1lipticPi| | ),JiAr‘cSinh[ . ], ety
a b-+v-a2+b?

\/Tan[i (e+fx)]

1 . a+bTan[? (e+fx)]-V-a2+b2 Tan[2 (e+fx)]
Tan[ = (e+fx) | 2 2 _

2 bTan[%(e+-Fx)]—\/—a2+b2 Tan[%(eﬂcx)}

a+2bTan[§ (e+Fx)] +aTan[§ <e+-Fx)]2

(1+Tan[§ (e+-FxH

1+Tan[§ <e+'FX>]2

Sec[i(e+Fx)]2Tan[§<e+fx)]2 Sec[i(eﬁ:x)}z

- +
2\2 2

(1+Tan[i(e+fx)] ) 2(1+Tan[i(e+fx)] )
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vz : e/ Ve :

1+Tan[> (e+fx)] b++/-aZ+b?
Tan[i(eJrfx)] a+2bTan[i(e+fX)]+aTan[i<e+fX)]2
1+Tan[§(e+fx>]2 1+Tan[§<e+fx)]2
Cot[l(eJr-FxH a 2 +2b 2 Ta”[1<e+fx)]+
2 b+-aZ+b? b+~ a2+ b2 2
aCot[% (e+fx
a ;Tan[l<e+fx)]2—j(—b+m] 1+ [2< )]
b++-a2+b? 2 b+vV-aZ+b?

EllipticE[i ArcSinh| B b+ ] Tan[1 (e+fx) ]3/2
b 2

\/Tan[; (e+fx)]

a+bTan[§ <e+-Fx)] -/ -aZ+b? Tan[i <e+-Fx)]
bTan[i (e+Fx)]-+-a%+b? Tan[i (e+Fx)]

+1 (afb+\/7a2+b2J

a

aCot[t (e+fx ban/ —a2+b? 22 2
1+ 2 ) EllipticF [i ArcSinh| i ], rvoaeh
b B b/ a7 b7

\/Tan[; (e+fx)]

1 3 a+bTan[l(e+FxH—\/—a2+b2 Tan[i(eJrfo
Tan[—(e+1‘x” +

2 bTan[i(eJrfx)]fx/faerb2 Tan[i(eJrFxH

N

aCot|> (e+fx)]| j(b+\/faz+b2)
2b |1+ 2 EllipticPi|-
b++-a2+b? a

a

b++/ —a2+b? b+ / 7a2 + b2

J'lAr‘cSinh[ },

\/Tan[i (e+fx)]
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a+bTan[§ <e+-Fx)] -+ -a?+b? Tan[% <e+-Fx)] aCot[i (e+fx>]
-2b |1+
bTan[i (e+fx” -/ -a?+ b2 Tan[i (e+fx)]

b++V-a%+b?

a
i (b+\/—a2+b2 ) b~/ -a%+b? b++-a2+b?
s JiAr'cSinh[ ], }

\/Tan[z(eJr-FxH b

EllipticPi|

a

1 35 a+bTan[l(e+fo7\/fa2+b2 Tan[l(e+fx”
Tan[—(e+FxH/ 2 2
2 bTan[%(e+-Fx)]—\/—a2+b2 Tan[%(eﬂcx)}

- +

Sec[i(e+-Fx>]2Tan[i(e+FxH2 Sec[i(ewa)]z ]
(1+Tan{%(e+fx”2)2 2(1+Tan[§(e+fx)]2)

Tan[% (e+Fx)]

(1+Tan[

N |

(e+'FXH

1+Tan[§ <e+'FX>]2

bSec[i <e+-Fx)]2+aSec i(ewa)]zTan[ (e+fx>]

[
+Tan[§ (e+Fx)]

Sec| (e+fx)] +aTan|

N |

(e+fﬂ}j)/

a+2bTan[l <e+-Fx)] +aTan[§ (e+fx)]2

(1+Tan[i<e+fx)]2J2] / V2 2 : _

1+Tan[i (e+-Fx)]

N |

(e+-Fx)]2Tan[§ (e+-FxH (a+2bTan[

N |

1

R
b+/ -a2+b?

Tan[l (e+-Fx
2

Tan (e+fx }Jr
1+Tan[ (e+fx) b aT bt b+ v 2+ b?

aCot[i (e+fx)]

a+2bTan[i(e+fx)}+aTan{1(e+fx)rJ3/2 2

1+TanB7 (e+f x) ]2

b+ -aZ+b? b+ -a%+b?

a |— 2 Tan[% (e+fx)]2—j1 (—b+m] JlJr
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P . b
E111pt1cE[11 Ar‘c51nh[ ].-
b

\/Tan[i (e+fx)]

a+bTan[§ <e+-Fx)] -/ -a?+b? Tan[i (e+-Fx)]
\ bTan[i (e+fx” -/ -aZ+b? Tan[i (e+fx>]

+1 [afb+\/7a2+b2J

a

aCot[t (e+fx ban/ —a2+b? 2 2
1+ e | ) E1lipticF [i ArcSinh| i ], 2rvoateb
N b /a7 b7

\/Tan[i (e+fx)]

3 a+bTan[i (e+fx)]-+-a%+b? Tan[i (e+fx)]
(e+'FXH +

bTan[i (e+-Fx)] —+-a%+b? Tan[i (e+-FxH

Tan[

N |

)

aCot[> (e+fx)]| j(b+\/—a2+b2)
2b |1+ 2 EllipticPi|-
b++V-a%+b? a

a

b/ -a?+b? b++-a%+b?
b

i ArcSinh| B (e+fx)]3/2

JTan[; (e+fx)]

]Tan[

1
-+ -a?+b? 2

N

a+bTan[l <e+-Fx)] -/ -aZ+b? Tan[% <e+-Fx)] ZbJ1+aCot[; (e+fx>]

bTan[> (e+fx)|-+/-a2+b? Tan[> (e+fx)] b++/-aZ+b?

a
i b+ -a%+b? b/ —aZ+b? J_aZ.p?
E1lipticPi| | ),jAr‘cSinh[ - ], ety
a b-+/-aZ+b?

JTan[i(eJr-FxH

1 a+bTan[l(e+fo—\/—a2+b2 Tan[l(e+fx”
Tan{—(eﬂcx) 2 2
2 bTan[i(e+-Fx)]—\/—a2+b2 Tan[%(eﬂcx)}

}3/2

bSec[% (e+fx”2+a5ec[§ (e+fx”2Tan[i (e+Fx)]

1+Tan[§ (e+Fx)]
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Sec| (e+fx)]+aTan|

N |

(e+-FxH2Tan[§ (e+fx) ] (a+2bTan[

N |
N |

lexfx) ]|/

[1+Tan[

N |

@+fxﬂzr]+

1

\ECot[i (e+fx)}

a \/a+2bTan“(e+‘Fx)w+aTan“(e+fx)V

1+Tan[§ (e+f x) r

Tan[ > (e+fx) ] a 1 2 a
b —Sec[*(ewa)] +a | —————m——
1+Tan[§(e+-Fx)]2 b++v-aZ+b? 2 b++v-aZ+b?
1 2 1 a
Sec|~ (e+fx) | Tan[f(e+fx)]+ (a—b+x/—a2+b2] _—
2( ) 2 b+ -a%+b?

Sec[l (e+Fx ]® a+bTan[ (e+fx)]-+-a?+b? Tan[> (e+fx)]
bTan[> (e+fx)] —\/WTan[% (e+Fx)]

/

aCot[l(eJrfo a 1 ,
4 |1+ 2 -|ib | ———— Sec|= (e+fx)]
b-+/-a2+b? b++/-a2+b? 2

/

a+bTan[§ (e+Fx)]-+-a2+b? Tan[% (e+Fx)]
bTan[% (e+Fx)]-+-a%+b? Tan[% (e+fx)]

1 aCot|> (e+fXx) ]| a
2[1—1’1Cot[—(e+fx” 1+ 2 +lib | ————
2 b-+/-aZ+b? b++/-aZ+b?2

1
Sec|~
2

/

(e+FXHZ a+bTan[% (e+fx)] —mTan[% (e+fx)]
bTan[i (e+fx) ] —mTan[i (e+fx)]

aCot[% (e+Fx)]
1+
b-+/-aZ+b?

{2 [1+1’1Cot[§ (e+fx)]
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— a aCot[i(eJr-Fx)]
[7b+ —a?+b J L N
b++V-a%2+b? b-+-a%+b?

1 R a+bTan[i(e+fo7\/fa2+b2 Tan[i(eﬂcx)}
Sec[~ (e+fX) | _

2 bTan[%(e+fx)]—\/—a2+b2 Tan[%(eﬂcx)]

I

aCot[% (e+Fx)]

b++V-aZ+b?

4

3j[b+m)ll+

a
b+/ ~a2+b? ~/_ 32 2
EllipticE[i ArcSinh| ’ s brV-a’+b ] Sec[1 (e+fx)]

\/Tan[i(eﬂcx)] b-V-a? b7 ?

2

Tan{l(ewaH +

\/ a+bTan[§<e+-Fx)]—\/—a2+b2 Tan[%(eﬂcx)]
2 bTan[%(e+fx>}—\/—a2+b2 Tan[%(eﬂcx)]

aCot[% (e+Fx)]

N

3
—1 {ab+\/a2+b2)\ll+

1

a

b++/ -a2+b? b+ \/W

EllipticF[i ArcSinh| ]

\/Tan[% (e+fx)]
E

3 acot[? (e+fx)] Ji(b+\/—a2+b2)
b |1+ 2 EllipticPi|-
2

]Sec[l (e+1°x)]2

)
b-+-aZ+b? 2

(e x)] arbTan[} (e fx)] -V-a+b* Tan[} (e+fx]]

bTan[% (e+-FxH -+ -a?+b? Tan[i (e+fx)]

N |

)

b+ -a?+b? a
a
ban/ —a2eb? a2+ b2
i ArcSinh| ’ B brV-a’+b ]Sec[l(eﬁ:x)]2
b-+-aZ+b? 2

(esx]] a+bTan[i<e+fX)]*\/WTan[i(e+fx)] )
bTan[2 (e+fx]] -+/-a2+b? Tan[2 (e+fx)]

\/Tan[

N |-
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3 aCot[> (e+fx)] j(b+\/—a2+b2)
~b |1+ 2 EllipticPi| , i ArcSinh|
2 b++-a?+b? a

]Sec[% (e+fx)]2\/Tan[; (e+fx)]

a+bTan[§ (e+Fx)] -+ -a?+b? Tan[i (e+Fx)]
bTan[% (e+Fx)]-+-a%+b? Tan[% (e+Fx)]

+ ia(—b+w—a2+b2]

a

1 2
Csc[;(eJr-FxH EllipticE[i ArcSinh| ] . 2}
JTan[i(eJr-Fx)] b-+/-a?+ b7
Tan[l (e+-FxH3/2 a+bTan[> (e+fx)|-V-a2+b? Tan[2 (e+fx)] /
2 bTan[%(eﬂcx)]—\/—a%bz Tan[%(eﬂcx)]

aCot[i (e+-Fx)]

b++V-a%+b?

4[b+mwl+ iafabeaw)

a

b++/ —a2+b? A/ _ a2 2
Csc{l (e+-Fx)}ZElliptithAr‘cSinh[ ’ B b:v-a’+b ]
2 b-+/-a2+b?

\/Tan[i (e+Fx)]

3/2

1 a+bTanE(e+FxH—\/—a2+b2 Tan[i(eJrfo
Tan[—(ewaH /
2 bTan[i(e+fx)]7\/fa2+b2 Tan[i(eJrFx)]

aCot[% (e+fx)]

b+ -a%+b?

- labCsc| (e+1cx)]2

qwmwh

N |
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a
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aCot[% (e+Fx)]

z(mmwh :
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N |

a+bTan[§ (e+Fx)]-+-a%+b? Tan[% (e+Fx)]
bTan[% (e+Fx)]-+-a%+b? Tan[% (e+Fx)]

)

aCot[> (e+fx)] j(b+\/—a2+b2)
b |1+ 2 EllipticPi|
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a

b++/ —a2+b? b + \/W

i ArcSinh| B ]Tan[l <e+fx)]3/2

JTanE(eﬂcxH b-V-at b7 ’

%bSecE (e+1‘x”2—i\/—a2+b2 Sec[i (e+fx)]2
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2 2
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2
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2 2
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N |
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a+bTan[% (e+Fx)]-+-a%+Db? Tan[% (e+Fx)]
bTan[i (e+-Fx)] —mTan[i (e+-FxH

Problem 32: Attempted integration timed out after 120 seconds.

va+bSin[e + fx]
J dx

VgsSin[e+fx] (c+cSinfe+fx])

Optimal (type 4, 116 leaves, 1step):

Cos[e + fX] a-b Sin[e + f x]
1+Sinfe+ fXx]

|

vJa+bSinfe + f x] /

1+Sinfe+ fx] ’ a+b

[EllipticE [ArcSin|

- a+bSin[e+ fx]
cf+vgSin[e + fx]

(a+b) <1+Sin[e+fx}>

Result (type 1, 1leaves):

???

Problem 33: Attempted integration timed out after 120 seconds.
VgSsSin[e + fx]

dx
J\/a+bSin[e+1:x} (c+csinfe+fx])
Optimal (type 4, 252 leaves, 3 steps):
L . Cos[e + fx] a-b Sinfe + f x] .
gElllptlcE[Ar‘cSm[ y - Ja+bSinfe + fx] /
1+Sinfe+fx] a+b 1+Sinf[e+fx]

- a+bSinfe+fx]
(a-b) cf/gsSin[e+fx] -

(a+b) (1+Sin[e+'FX]>

lzmﬁ\/a(l—Csc[e+fx]) \/a(1+Csc[e+fx])

(a-b)cf a+b a-b
a+bSin[e+fx a+b
EllipticF[ArcSin[\/E\/ : [e+ : y - : } Tan[e + f X]
vVa+b /gsin[e + fx] a-b

Result (type 1, 1leaves):

2P
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Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx

J\/gSin[eJrFx] Va+bSin[e+fx] (c+cSin[e+fx])

Optimal (type 4, 256 leaves, 3 steps):

L. . Cos[e + fXx] a-b Sin[e + f x] .
EllipticE [ArcSin| , - vJa+bSinfe + fx]
1+Sinfe+fXx] a+b 1+Sinfe+fXx]

] :

_ a+bSinfe+ fx]
(a-b) cf+/gsin[e+fx]

(a+b) (1+Sinfe+fx])

a(l-Cscle+fx a(l+Cscle+fx
2bvave | loCselerfx) jafascseles fx)
a(a-b)cfg a+b a-b
b Si f b
Ellip'ticF[Ar‘cSin[\/E\/a +hoinfe+ T X] y - ar } Tan[e + f x]
Ja+b +/gsinfe+fx] a-b

Result (type 4, 1662 leaves):

7((Zsin[1 (e+fx)] Cos[1 (e+fx)] +Sin[1 (e+fx)]|Sinfe+fx]Va+bSin[e+fx]

/

2 2 2
((a—b)f\/gSin[e+-Fx] <c+cSin[e+-Fx]))]+
1 2

Cos[% (e+fx)] +Sin[% (e+fx)]

2 (a-b) fv/gsin[e+fx] (c+cSinfe+fx])

\/ (a+b) Cot[2 (—e+1—fx)]2
Vsin[e+fx] ||4a (a-b) 2 2

-a+b
\/ Csc[% (—e+Z——-FxH2 (a+bSin[e+f x])
s . a 2a
E111pt1cF[Arc51n[ ], - ]Sec[e+1‘x]
\/? -a+b
a+b)Csc[t (-e+Z_fx|]|’sin[e+fx]
Sin[l(—e+ﬂ—fx]]4\/—< ) {2( 2 H
2 2 a

\/Csc[i(—e+’2T—-Fx)}2(a+bSin[e+fx]) /

a
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2aAr‘cTanh[@] Cos[e +f x]?2

A/ a+bSin[e+f x]

((a+b) \/Sin[e+fx] Va+bSin[e+fx] )+ +
\/F(l—sin[eJrFx]z)

Csc{% (—e+2—‘—‘f: X) ]2 (a+bSinf[e+f x])

. A . a 2a
EllipticF [Ar‘c51n [ } y -

V2 -a+b

(‘e+§—fx)}4\/_ (a+b) Csc[%(_eJr

\/Csc[%(—e+§—fx)]2<a+bSin[e+fx}) /

a

| secie +fx]

- x|’ sinfe+fx]

0n

[

=
N |-
Qo [N IH

2

(a+b) Cot[i (—e+§—fx)}

((a+b) v/Sin[e+fx] Va+bSin[e +fx] )— \/

-a+b
\/Csc“ (—e+%—fx”2 (a+b Sin[e+fx])
a a 2a
EllipticPi[- —, ArcSin| ], - | secie +fx]
b V2 -a+b

- fx)]’sinfe+ x|

o [N

}4\/_ (a+b) Csc[; (7e+

\/Csc[i(—e+§—fx)]2<a+bSin[e+fx}) /

a

(b\/Sin[eJr-Fx] va+bSinfe + f x] -
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Cos[e+Ffx] Va+bSin[e+fx] . 1 7
2b + 1Cos[*(7e+f—1cx }Csc[ewa}
b+/Sin[e + f x] 2 2
Sin[l(—e+l—~FxH 2a
EllipticE[jAr'cSinh[ 2 2 },— ]\/a+bSin[e+-Fx} /
VSinler Fxl “a-b
1 T 2 Csc[e+f x] (a+bSin[e+fx})
b Cos[f(—eJr—f-Fx] Cscle + fx] +
2 2 a+b
2
1 a+b) Cot[L [-e+Z-Ffx
“2a a\/< ) [2( 2 )} EllipticF|
b -a+b
\/Csc“ (—e+%—fx”2 (a+b Sin[e+fx])
a 2a
ArcSin| ], - | secie+fx]
NEY —a+b

a+b)Csc[t (-e+Z_fx)]|’sin[e+fx]
}4 B 2 2
a

a

\/Csc[i(—e+§—fx)]2(a+bSin[e+fx}) /

(a+b) Cot[i (—e+§—1‘x>}2

((a+b) v/Sin[e+fx] Va+bSin[e +fx] )— a\/

Csc“— (—e+;¥—f x) V (a+bSin[e+fx])

a a 2a
EllipticPi[- o’ ArcSin| ]s - | sec

ﬁ ’ -a+b

e+ fX] Sin[

N |

7
-e+ —-Ffx
2

]4\/ (a+b) Csc[i (7e+§71‘x)}25in[e+fx]
a
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\/Csc[;(—e+;—fx)]2<a+bSin[e+fx1) /

a

(b\/Sin[e+fx1 \/a+bSin[e+-Fx]) +

alog[b+/sinfe+fx] +Vb Va+bSin[e+fx] |

- +

2 b3/2

{ZbCot[eﬂcx]

v/Sin[e+fx] Va+bSin[e+fx]
2b

Sin[2 (e+fx) |

/(l—Sin[e+fx]2)

Problem 35: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCSC[E-%—'FX] va+aSinfe+fx] Vc+dSin[e+fx] dx

Optimal (type 3, 123 leaves, 5 steps):
2\/a_\/d_Ar‘cTan[ a \/d Cos[e+fx] ] 2\/?\/?Ar'cTanh[ a \/c Cos[e+fx]

\/a+a Sinfe+f x] \/c+d Sin[e+f x] \/a+a Sinfe+f x] \/c+d Sinfe+f x]

f f

Result (type 3, 567 leaves):
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([[v_mg{([ﬂi_) ei;(_ﬁc(‘“e (@ F0) _54/2 d (1+e! @F0) 4

20E 2eel T 1a (e el ) £ /(2 (1eet 7)) ]
\/_Log[([—+i_) jz*e (—J'l\/?d(—1+e e+fx)+ﬁc(1+e e+fx)>+
2
2T [Zee T 1a (e e T | 8] /(@ (avetn)) ] -

ivd (Log[ :

e—%i (e+2fx) ((—1)3/4d+ (_1>1/4cei (e+fx)
d3/2

]'l\/?\/zcei(e#n Sid (-1+eri e )ﬂ -

1
Log| —(1+1) 2 (c—idCos[e+fx} +dSinfe+ fx] +

Vd
(1-1) \H\/<Cos[e+1‘x] +isSinfe+fx]) (c+dSinfe+fx]) )]])

(e+Fx)] +1Sin|

/

Cos[% (e+fx)] +Sin[§ (e+fx)]

(e+fx)] \/a (1+sinfe+fx])

(Cos[

vc+dSinfe + fx]

N |
N |

(f

\/<Cos[e+fx] +iSinfe+fx]) (c+dSinfe+fx]) ]]

Problem 36: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cscle+fx] Va+aSin[e+fx]
J dx

Vc+dSinfe + fx]

Optimal (type 3, 61leaves, 2steps):

2+/a ArcTanh| @ e Cosefx
\/a+aSin[e+'Fx] \/c+dSin[e+'Fx]

Ve f
Result (type 3, 367 leaves):
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1
7\/?% (Cos[i (e+Fx)] +Sin[§ (e+fx>]) ve+dSinfe + fx]

\/?C<—1+ej(e”cx))+i1\/?d<1+ei(e*fx>>—
'F)/(\/?(1+ei<e”:x>)))]+
71'1\5(1 (71+<ejl (e+fx)> +\EC <1+<e]'l (e+-Fx)> +
'F)/(\/?(—1+ei(e“cx))ﬂ)

\/a (1+sinfe+fx])

ie

(Log[—(((lﬂi) €2

2ic (J2cet 0 id (-14e2 (eF0)

Log[((1+j) e

2\/?\/2Ceil (e+fx) _ 5 d (_1+‘821(e+fx)>

(Cos[% (e+fx)] 7jSin[§ (e+fx)]

\/<Cos[e+1‘x] +iSinfe+fx]) (c+dSinfe+fx])

Problem 37: Humongous result has more than 200000 leaves.

dx

JCsc[eﬂcx] vec+dSinfe + fx]

va+aSin[e + fx]

Optimal (type 3, 140 leaves, 5steps):

24/ c Ar‘cTanh[ a vc Cosfe+fx] ] 2 AJc-d Ar‘cTanh[ a \/c-d Cos[e+fx]
a+aSin[e+f x] \/c+dsin[e+1‘x] ﬁ\/awsin[eﬂcx] Jc+dsin[e+fx]
+
\/?f \/?f

Result (type ?, 472502 leaves) : Display of huge result suppressed!

Problem 38: Humongous result has more than 200000 leaves.

Cscle +fx]
[ i
va+aSin[e+fx] Vc+dSin[e+fx]
Optimal (type 3, 140leaves, 5steps):
2ArcTanh[ a v/ c Cosfe+fx] ] \/?Ar‘cTanh[ a v/c-d Cos[e+fx]
\/a+aSin[e+fx] \/c+dSin[e+'Fx] \E\/a+asin[e+fx] \/c+dSin[e+'Fx]
- +
Va Ve f Va Ve d+f

Result (type ?, 309693 leaves) : Display of huge result suppressed!

Problem 40: Result unnecessarily involves imaginary or complex numbers.

Csc[e+fx] Vc+dSin[e +fx]
J dx

a+bSin[e+ fx]

Optimal (type 4, 154 leaves, 5 steps):
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2cEllipticPi[2, L (e o +-Fx) , 247 [ cdsinfefx]
2 2 c+d c+d

af+/c+dSin[e+fx]

2 (bc-ad) Ellipticpi[ 22, 2 (e— l+fx), 2d] | cedsinlefx]

2 c+ c+d

a(a+b) f/c+dSin[e+fx]

Result (type 4, 179leaves):

1 . A . . c+d . . 1 - c+d
23 |EllipticPi| , L ArcSinh| |- Vec+dsinfe+fx] |, | -
C c+d c-d
a [-L f
c+d

C e . b<c+d> . . 1 - c+d
EllipticPi| , 1 ArcSinh| |- Vec+dsinfe+fx] |, ]
bc-ad c+d c-d

d(-1+Sin[e+fx]) d(1+Sin[e+fx])

c+d -c+d

Sec[e + fX]

Problem 41: Result unnecessarily involves imaginary or complex numbers.

J Cscle + f Xx] dx
(a+bsin[e+fx]) vc+dSinfe + fx]

Optimal (type 4, 146 leaves, 5steps):

c+dSinfe+f x]
c+d
afvc+dsin[e+fx]
2bEllipticpi[ 2%, 1 (e—7+Fx 2d] | cxdsinesfx]
a+b 2 2 d c+d

a(a+b) f/c+dSin[e+fx]

2E1lipticPi[2, 1 (e~ 2+ fx|
2 2

Result (type 4, 203 leaves):
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.. _.rc+d . 1 . c+d
-||24 | (-bc+ad) EllipticPi| ——, i ArcSinh| |- Vec+dsinfe+fx] |, |+
C c+d c-d
. .obfcxd) . 1 . c+d
bcE111pt1cP1[ ,]lAI“CSlnh[ - \/c+d51n[e+-Fx] ], ] Sec[e + f x]
bc-ad c+d c-d

d(-1+sinfe+fx]) d(1+sinfe+fx]) / 1 (b ) £
- - ac |- c-a
c+d c-d c+d

Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/gSin[eH:x] Ja+bSinfe+fx] ix

c+dSin[e + fx]

Optimal (type 4, 254 leaves, 3 steps):

a+b a-b

Lzm\/g\/a(l—CSC[e+fX]) \/a(1+Csc[e+Fx])
df

g Va+bSin[e+fx] a+b

. . .ra+b .
EllipticPi » Arcsin | s - | Tanfe + fx] -
Va+b +/gSinfe+fx] a-b
b+aCscle+fx 2¢ 1_Cscle+fx
2 (bc-ad)+/ -Cotle~fx]? i et E1lipticPi | ,Ar‘cSin{\/ =7l ]5
a+b c+d V2

2a

| Vgsin[e+fx] Tan[e+fx] /(d (c+d)F\/a+bSin[e+-Fx])

a+b

Result (type 4, 75407 leaves): Display of huge result suppressed!

Problem 43: Result more than twice size of optimal antiderivative.

va+bSin[e + fx]
J dx

Vgsin[e+fx] (c+dSinfe+fx])
Optimal (type 4, 250 leaves, 3 steps):



38 | Mathematica 11.3 Integration Test Results for 4.1.2.3 (g sin)”p (a+b sin)~m (c+d sin)”n.nb

1 a(l-Cscle+fx a(l+Cscle+fx
. 2arp | 2iCscler®x]) jafrrcscier )
C'F\ﬁg a+b a-b
b Si f b
EllipticF[Ar‘cSin[\/g\/aJr nferrx] , - ax ] Tan[e + £ x] +
Va+b \/gSin[eJrFx] a-b
2 b+aCscle+fXx] .. _.r 2c i \/1—Csc[e+-Fx]
2 (bc-ad)+/-Cot[e+fx] EllipticPi]| , ArcSin|
a+b c+d V2

2a

| Vgsin[e+fx] Tan[e+fx] /(c (c+d)fgx/a+b$in[e+fx})

a+b

Result (type 4, 45019 leaves) : Display of huge result suppressed!

Problem 44: Result more than twice size of optimal antiderivative.

J \VgSin[e + f x]
Va+bSin[e+fx] (c+dSin[e+fx])

dx

Optimal (type 4, 114 leaves, 1step):

o |b+aCscle+fx] X . v1-Cscl[e+fx] 2a
24/ -Cot[e+fx] EllipticPi| , ArcSin|
a+b c+d A2 a+b

vJgsSin[e+fx] Tan[e+fXx] /(<c+d>f\/a+bsin[e+fx})

Result (type 4, 3427 leaves):

a~/-a?+b?

2+ -aZ2+b? ¢
ac+ |b+y/-a%+b? | |-d++/-c?+d? || EllipticPi] : s
bc+vV-a?+b2 c-ad+a/-c?2+d?
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b+/ -a%+b? +a Tan“— (e+f x) w
J ar
ArcSin [ ] R

V2 b++-a2+b?
2 _ a2 b2
(7ac+ (b+\/faz+b2) (d+x/—c2+d2]) EllipticPi| V-at+b® ¢ ,

bc++-a2+b? c—a(d+\/7c2+d2)

] +

b++/ -a?+b? +a Tan[% (e+fx) }
\ -a%+b? 2+ -a+b?

ArcSin| ]s ]

V2 b++-a?+b?

aSec[i (eJr-FxH2 (a+bsinfe+fx])

a2 -b? /

\/Sin[e+fx] VgSin[e+ fx]

2
[b+x/—a2+b2) (bc-ad)+/-c2+d? f(a+bsSinfe+fx])

aTan[i (e+-FxH

b++-aZ+b?

(c+dsinfe+fx]) |-

2wt |[acs oo atw | [anfaa )|

b++/ -a?+b? +aTan i—(e+fx)}
2~/ _a% b2 a2
EllipticPi| e , ArcSin| ],

bc++vV-a2+b? c-ad+ar/-c?+d? N2
24/_2 b2
#]+(—ac+(b+w—a2+b2] (d+w/—cz+d2J]

b+ -a%+b?
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2V -a2+b?% c
bc+v-aZ2+b? c-a (d+\/—c2+d2)

EllipticPi|

b++/ -a?+b? +a Tan“— (e+f x) w
o 2V a7 0T
Ar‘cSin[ } R }

\5 b+ -a%+b?

aSec[i (e+fx)]2 (a+bsSin[e+fx])

a? - b? /

Sec|

<e+fx)]2\/Sin[e+fx]

N |

aTan[i <e+-Fx)]

3
4(b+xl—a2+b2) (bc-ad)+/-c®+d? vJa+bSinfe + f x]

b++-a2+b?

3/2]

ab+/-a%+b? Cos[e+fx] [ac+ [b+\/7a2+b2] (—d+\/—c2+d2 )]

b++/ -a?+b? +a Tan{% (e+f x) }
2 7a2 + b2 C ~/ —a%+b?

EllipticPi| , ArcSin|
bc+v-a2+b?2 c-ad+a/-c?2+d? N2
24/_ 2 b2
#]+(—ac+(b+«/—a2+b2] (d+x/—cz+d2J]
b++V-a%+b?
b++/ -a?+b? +a Tan{l— (e+f x)w
2 _ a2 b2 _a2+p?
EllipticPi| e e , Arcsin]|
bc++-a2+b2 c—a(d+\/7c2+d2) V2
Sec[t fx)]? b Si f
2+ _aZ+b2 asec| (e+fx)]| (a+bSinfe+fx])

|| Vsinfe + fx] /
b+ -a? +b? a’ - b?
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aTan[i (e+fx)]

2
2(b+\/732+b2) (bc-ad)+/-c*+d? (a+bSin[e+fx])>? |- +

b++-a%+b?

a\/-a%+b? Cos[e+fx] (ac+ [b+«/7a2+b2] (,d+\,,c2+d2 )J

b++/ -a?+b% +aTan i— (e+f x)}
21 /[ _ 32 b2 /—a2+bz
EllipticPi| arbrc , ArcSin| B

bc+vV-a2+b?2 c-ad+aV-c?2+d? V2

2SR ot | [ |

b+ -a%+b?

2 K2 1
b++/ -a%+b? +aTan > (e+f x) w
2+ -a%+b% ¢ \/ -a2+b?

R Ar‘cSin[ },

bc+\/—a2+b2c—a(d+\/—c2+d2) V2

EllipticPi|

Zm] aSec[i(e+fx)]2<a+bSin[e+fx}> /
b+ -a%+b? a’-b?

2
z(b+d-¥+b2)(bc-ad)w-8+dZVSnme+fm va+bSin[e + f x]

_aTanE (e+Fx)] )

b++V-a2+b?

a\/ﬁ (ac+(b+mJ (_d+m))
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b++/ -a2+b? +a Taan (e+f X)]
RVEPTI=y N
T ¢ R Ar‘cSin[ - },

bc++vV-a2+b?2 c-ad+aV-c?+d? V2
24/72 b2
#]+(—ac+(b+xl—a2+b2J (d+xl—c2+d2]]

b+ -a%+b?

EllipticPi|

b++/ -a?+b? +a Tan“— (e+f x) w
2+ -a%+b% ¢ A/ —a?+b?

EllipticPi| , ArcSin]| B

bc+\/—a2+b2c—a(d+\/—c2+d2) V2

abCos[e+fx]Sec[? <e+-Fx)]2

Ny
ﬁ] vSin[e + fx] { 2 +

b++-a2+b?

a2 -b?

aSec[i (e+fx)]2 (a+bsinfe+fx]) Tan[% <e+-Fx)]

/

a%-b?

2
2(b+J—a2+NJ (bc-ad)+/-c®+d®> Va+bSin[e+fx]

+

aSec[i(ewa)]z(a+bSin[e+fx]) _aTan[i(eﬂcx)]
a’-b? b+ -a%+b?

aSec[i (e+Fx)]2 (a+bsinfe+fx])

a~/-a%+b? +/Sin[e+fx] \/

az-b?

(a [ac+(b+m) (—d+m)

Sec[l <e+fx)]2J/

2
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brv-a2+b? +aTan|[t (e+fx
4\/7x/a2+b2J 2 bzu )]
V-a?+

J b+ -a%+ b2 +aTan[%(e+fx)] \l b+\/—a2+b2+aTan[§(e+-FxH
1- 1-

2+ -a?+b? b+ -aZ+b?

c (b+m+aTan[i (e+-FxH)
1- +
bc+vV-a?2+b> c-ad+a/-c?+d?

(a (—ac+ [b+m] (d+m]) Sec[% (e+fx)]2)/

b+v-a2+b% +raTan|[? (e+fx
4\/7x/—a2+b2 [2< H
a2 i b?

J b++V-a2+b2 +aTan[i(e+fx)] \I b+\/—a2+b2+aTan[i(e+FxH
1- 1-

2+/—a?+b? b++/-aZ+b?

17c(b+m+aTan[i(e+FxH) /
bc++-a?+b? c-a (d+x/—c2+d2)

2 aTan[2 (e+fx)]
(b+xl—a2+b2J (bc-ad)+/-c>+d®> Va+bsSin[e+fx] |- 2

b++V-a%+b?

Problem 45: Result more than twice size of optimal antiderivative.

1

dx
J\/gSin[e+1Cx] Va+bSin[e+fx] (c+dSin[e+fx])

Optimal (type 4, 246 leaves, 3 steps):
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1 a(l-Cscle+fx a(l+Cscle+fx
Lt ey | 2lreCsclenfx) e (tCsclen fx])
ac.[:\/g a+b a-b
a+bSin[e+fx a+b
EllipticF[Ar‘cSin[\/E\/ - [e+ 7] y - . ]Tan[e+-Fx] -
Va+b \/gSin[eJrFx] a-b
2 b+aCscl[e+fXx] .. _.r 2c . V1-Cscle+fx] 2a
2d+/-Cot[e+ fx] E111pt1cP1[ R Ar‘cSm[ ],
a+b c+d 2 a+b

“Jgsin[e+fx] Tan[e+fx] /(c (c+d)fgx/a+b$in[e+fx})

Result (type 4, 4935 leaves):

~||4+/-a%+b? Cos[

(e+Fx”4

N |

b++/ -a?+b? +a TanE (e+f x)]

A/ —aZ+b?

—Z(b-f\/—a2+b2J (bc-ad)~/-c?+d?* EllipticF [ArcSin|

V2

ﬂ]—ad [ac+(b+mJ (’der))

b+ -aZ+b?

2/ -a?2+b?% c

EllipticPi| , ArcSin

bc+vV-a2+b%2 c-ad+aV-c?+d?

b++/ -a%+b? +a Taan (e+f x) ]
A/ —a%+b?

| Vz

2SI e o e [ae e |

b++V-a%+b?
2+ -a%2+b? ¢
bc+v-a2+b? c-a (d+\/—c2+d2)

EllipticPi|
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b++/ -a?+b? +a TanB— (e+f x) w
NEEe 2T

Ar‘cSin[ } R

\E b+ -a2+b?

3/2

/

aTan[% (e+Fx)]

b+ -a%+b?

\/aSec[% (e+fx”2 (a+bsinfe+fx])

a% - b?

a’c (-bc+ad)+/-c?+d® fSsin[e+fx]>?

\VgSin[e + fx]
(a+bsinfe+fx])
(c+dsin[e+fx])

34/-a?+b? Cos|

N |-

(e+fx)]” 72(b+x/7az+b2) (bc-ad)~/-c?+d? EllipticF|

b++/ -a?+b? +aTan B— (encx)}

~/ -a%+b? 2+/-a2 4+ b2
ArcSin| 1 ar | -ad (ac+[b+w/—a2+b2]
\/7 b+ -aZ+b?

2+vV-a%2+b? ¢
bc+vV-a2+b?2 c-ad+a-c?2+d?

[-d +f -+ d? )) EllipticPi|

2,12 1
\/ b++/ -a‘+b* +a Tan ;(e+fx)]

5/ -—a%+b? 21/7 2, p2
], ar ]+(7ac+[b+w/—a2+b2]
\/? b++V-a%+b?

ArcSin|

| a5
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2V -a2+b? c
bc++-a%+b? c—a(d+\/—c2+d2)

[d +af -2+ d? )) EllipticPi|

b++/ -a?+b? +a Tanu— (e+f x)]
[t 2o b

ArcSin| |5 ]

V7 be a7 07

aSec[i(ewa)]z(a+bSin[e+-Fx]) aTan[> (e+fX) ]|

. 2 /
a’ - b? b++-a%+b?

+

(a (b+w/—a2+b2 J c(-bc+ad)+/-c2+d* sinfe+fx]*2a+bSin[e+fx]
(1/ (azc (-bc+ad)+/-c?+d® Sin[e+fx]¥? (a+bSin[e+-Fx])3/2]
2b+/-a%+b? Cos[l (e+-Fx>]4Cos[e+fx]

N

b++/ -a?+b? +a Tan{l— (e+f X)W

A/ —a%+b?
-2 (b+«/—a2+b2 J (bc-ad)/-c?+d® EllipticF |ArcSin| ’

V2

2 _ a2 b2
ST ) ad (ac+(b+x/fa2+b2] (7d+«/7c2+d2)]EllipticPi[
b+ -aZ+b?

b++/ -a?+b? +a TanE (e+f x)}
2/ —alibl Joae
axbrc , ArcSin| ]

bc+vV-a2+b?2 c-ad+a-c?2+d? V2

NI

b++v-aZ+b?
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2+ -a2+b? ¢

EllipticPi| )

bc+v-aZ2+b? c-a (d+\/—c2+d2)

b++/ -a?+b? +a Tan“— (e+f x) w
~/ —a2+b? 2+/-a2+b?

ArcSin| B

\5 b+ -a%+b?

]

3/2

aSecE(e+fx”2(a+bsin[e+fx]) aTan[i(eﬂcx)]

b+ -a%+b?

a? - b?

1
a’c (-bc+ad) V-c?+d? sinfe+fx]*2+a+bSin[e+fx]

6/ -a?+b? Cos[1

2

(e+fx”4Cos[e+fx]

2. 12 1
b+4/ -a*+b* +aTan > (e+f x)]

5/ —a2+b?
) (b+mJ (bc-ad) mEllipticF[Ar‘cSin[ . s
V2

Y'Y
EAAL LA P (ac+(b+m] (_dﬂ/ﬂn EllipticPi|

b++-a%+b?

b++/ -a?+b? +a Tan{L (e+f x)]
2 A [ _ a2 b2 _a2:p?
ar ¢ B Ar‘cSin[ ],

bc++vV-a2+b%2 c-ad+av-c?+d? \/?

za2+bz]+(ac+ [b+m] (d*\/ﬂJ

b++vV-a%+b?

2+vV-a%2+b? ¢

EllipticPi| s

bc++vV-aZ+b? c—a(d+\/—c2+d2)
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b++/ -a?+b? +a Tan“— (e+f x)w

ArcSin [ } ,

\E b+ -a2+b?

aTan[i (e+Fx)] 3/2

b+ -a%+b?

\/aSec[% (e+-FxH2 (a+bsinfe+fx])

a? - b?

1
a’c (-bc+ad) V-c?+d? sinfe+fx]¥2+/a+bSin[e+fx]

8/ -a?+b? Cos[1

2

(e+fx)]’

2. 12 1
b++/ -a‘+b* +a Tan > (e+f x)}

\/ _a?ib?
R R B ]
2

“ .2 . p2
LA L S ac[bn/-am+b? | [~des/-c?a? || EDLiptichs

b++V-a2+b?

b++/ -a%2+b? +a Tan{% (e+f x)l
2+ -a2+b? ¢ . \/ -a?+b?

, Ar‘c51n[
bc+vV-a%2+b?2 c-ad+av-c?2+d? \/?

V-aZ+b? 7 12 2 42
ﬁ]+(ac+ [b+m] (d+x/—c +d ])

2+ -a%2+b? ¢
bc+v-a2+b? c-a (d+\/—c2+d2)

EllipticPi|

b++/ -a?+b? +a Tan{% (e+f x)}
~/ —a%+b? 2+/-a2+b2
V2 b++V-a%+b?

ArcSin| 1] sin|

N |

<e+fx)]
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aTan[% (e+fx)] 3/2

b++-a?+b?

a2 - b2

\/aSecB (eJr-I:xH2 (a+bsin[e+fx])

2/ a2 b cos|[E (e £x) ]| 2 [b+x/—a2+b2] (bc-ad)/-c?+d?

2

b++/ -a?+b? +a Tan{i— (e+f x)}
[t 2B

EllipticF [ArcSin| B -

\/7 b++-a%+b?

ad (ac+ (b+x/—a2+b2 ) [—d+x/—c2+d2 ]) EllipticPi|

b++/ -a?+b? +aTan %(ewa)}
2+vV-a%2+b% ¢ Arcsin| A -a%+b?

, ArcSin
bc+vV-a?2+b2 c-ad+a/-c2+d? V2

2v-a?+b?
—+}+[—ac+(b+w/—a2+b2) (d+ —c2+d2)JEllipticPi[
b+ -a%+b?

]

b++/ -a?+b? +aTan :— (e+f x)w
2vV-a2+b? ¢ APcSi [ V -a?+b?

, ArcSin
bc+\/—a2+b2cfa(d+\/7c2+d2) N2

abCosfe+fx] Sec[i (e+fx)]2

+

zm}

b++-aZ+b?

_aTan[i (e+Fx)] ]3/2
a27b2

b++V-a%+b?
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aSec[i (e+fx)]2 (a+bsinfe+fx]) Tan[> (e+fx)]

2 /
_ b2

a’c (-bc+ad)+/-c*+d* sinfe+fx]¥2+a+bSin[e+fx]

\/aSec[i (e+fx)]2 (a+bSin[e+fx])

a? - b?

1
2c(-bc+ad) V-c?+d? sinfe+fx]¥2+/a+bSin[e+fx]

4./ -a%+b? Cos[1 (e+-FxH4
\/aSec e+-FxH2(a+bSin[e+Fx])

aTan[% (e+Fx)] 3/2

- b? b+ -a%+b?

~a +b2) (bc-ad)+/-c?+d? Sec[1

2

(e+fx”2]/ 22 +/-a?+b?

b+ -a?+ b2 +aTan[§ (e+fx)] b++-a2+b? +aTan[i (e+FxH
1-
\ -a%+b?
+V -a?+b? +aTan[i (e+FxH

1- -ad

b+ -a%+b?

2+ -a%+b?

(a [ac+(b+m] (—d+m)

Sec[% (e+fx)]2J/ 4\/7m

+\/W+aTanB(e+fo\| b2 b7 vaTan[L (e Fx)]
1-

—a?+b? 2+ -a?+b?

b+ -a%+ b2 +aTan[% (e+Fx)]
b+ -a%+b?

1-
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+[a (ﬂac+

c (b+\/—azi+bz+aTan[i (e+-Fx)])
1-
bc+vV-a%+b%2 c-ad+a-c?+d?

oo e | oo

Sec[% (e+fx)]2)/ 4+/2 A/ -a%+b?

b++vV-a?+b? +aTan[i (e+FxH b++v-a+b? +aTan[§ (e+-Fx)]

1-
V-a?+b? 2+/-a2+b?
b+ a2+ b2 +aTan[i (e+Fx)]
1_
\ b+—a?+b?

c (b+\/W+aTan[i (e+fx)])
1-
bc++vV-a%2+b%? c-a (d+\/—c2+d2)

Problem 46: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/gsin[eﬁzx] Jec+dSinfe + fx] 4
X

a+bSin[e+fx]

Optimal (type 4, 254 leaves, 3 steps):

Lzm@\/C(l—Csc[eﬂcx]) \/c(1+Csc[e+Fx])
b f

c+d c-d
c+d c+dSinfe+fx c+d
E1lipticPi [~ ’A"CSi”[@\/ - ertxl gy, et | Tan[e + £x] +
e+d VgSinfe + fx] c-d
d+cCscle+fXx 2a 1_Cscle+fx
2 (bc-ad)~-Cotle+fx]? . e+ TX] E1lipticPi | ,Ar‘cSin{\/ et 15
c+d a+b V2

2c

| Vgsin[e+fx] Tan[e+fx] /(b (a+b)F\/c+dSin[e+-Fx])

c+d

Result (type 4, 75413 leaves): Display of huge result suppressed!
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Problem 47: Result more than twice size of optimal antiderivative.
J VgSin[e + f x]
(a+bsin[

e+fx])/c+dsin[e+fx]

dx

Optimal (type 4, 114 leaves, 1step):

o | d+cCscle+fx] .. .. 2a . vVi1-Cscl[e+fx]
24/ -Cot[e+fx] E111pt1cP1[ ) Ar‘c51n[

c+d a+b 2 c+d

\JgSin[e+fx] Tan[e+fx] /((a+b>f\/c+dsin[e+fx})

Result (type 4, 3429 leaves):

_ cm [—ac+(b+mJ (der)]

d+q/ -c?+d? +c Tan{l— (e+f x) w

o 2av i@ _ =
E111pt1cP1[ R Ar‘c51n[ } )
-bc-+-a%+b? c+a(d+\/7c2+d2) V2

2+ -c?2+d?
#] + (ac+ (—b+\/—a2+b2) [d+\/—cz+d2 ])
d++-c?+d?
2 A/ _ 2 d2
EllipticPi| avces ,

-bc++vV-a?+b? c+a(d+\/—c2+d2)

d++/ -c2+d? +c Tan“— (e+f x)w

, e 2/ d
Ar‘cSm[ ], ]
\/? d+V-c2+d?

cSec[i (e+fx”2 (c+dsinfe+fx])

vsin[e+fx] “/gSin[e+fx] \/ e /
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2
7/ —a?% + b? (bc—ad) (d+xl—c2+d2) f<a+bSin[e+-Fx})

cTan[i (e+FxH

d++V-c?+d?

(c+dsinfe+fx]) |-

~| 2/ -2+ d? [7ac+(b+w/faz+b2)[d+«/7c2+d2))EllipticPi[

d++/ -c?+d? +c Tan[% (e+f XW
2aV-c?+d? \ -ced?

, ArcSin| ]

—bc—x/—a2+b2c+a(d+\/—c2+d2) V2

2V -2 d?
LA (ac+ (—b+x/—a2+b2] (d+x/7c2+d2 ]) EllipticPi|
d++V-c?+d?

d++/ -c2+d? +c Tan“— (e+f x)w
2a/-c?+d? N

, ArcSin| B

—bc+\/—a2+b2c+a(d+\/—c2+d2) V2

2.2
ﬁ] Sec[l(emcx)]zx/sin[eﬂcx]
d++-c?+d? 2

csecl (e+fx)]? c+dSin[e + fx]
J [ (efx))? | L/ e e e ag)

c? - d?
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cTanE (e+-FxH

d++-c?+d?

3
(d+x/—c2+d2) Vc+dSinfe + f x]

3/2
] +

cd+/-c?+d? Cos[e+fx] [—ac+ (b+x/fa2+b2) [d+«/7c2+d2 )] EllipticPi|

d++/ -c2+d? +c Tan“— (e+f x) w
2a+/-c?+d? 4/ -c?+d?
a e R Ar'cSin[ } R

—bc—\/—a2+b2c+a(d+\/—c2+d2) V2

24/7 2 d2
LA (ac+ (7b+x/7a2+b2] (d+«/7c2+d2 ]] EllipticPi|
d++V-c?+d?

d++/ -c?+d? +c Tan 3 (e+f x)}
2ay/-c?+d? A/ ~c2d?

, ArcSin| |

—bc+\/—a2+b2c+a(d+\/—c2+d2) V2

RV . csec[L (e+fx)]* (c+dsinfe+fx])
—————— ]| V/sSin[e+fx] — /
d+V-c?+d? c“-d

cTan[% (e+fx)]

2
2+/-a*+b* (bc-ad) [d+x/—c2+d2] (c+dsinfe+fx])*?
d++V-c?+d?

c+/-c?+d? Cos[e+fx] (—ac+ (b+xl—a2+b2J (d+x/—c2+d2 )] EllipticPi|
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d++/ -c2+d? +c Tan“— (e+f x) w
2 d J e
a e R Ar'cSin[ } R

—bc—\/—a2+b2c+a(d+\/—c2+d2) V2

24/7 2 d2
A (ac+ (7b+x/7a2+b2] (d+\/7C2+d2 ]] EllipticPi|
d++V-c?+d?

d++/ -c?+d? +c Tan 3 (e+f x)}
2ay/-c?+d? N

, ArcSin| |

—bc+\/—a2+b2c+a(d+\/—c2+d2) V2

2m] csec[L (e+fx)]* (c+dsSinfe+Fx]) /
d++-c?+d? c?-d?

2
2+/-a?+b? (bc-ad) [d+x/—c2+d2] v/Sin[e+fx] Vc+dSin[e + fx]

cTan{% (e+Fx)]

d++-c?+d?

c/-c2+d? [—ac+ [b+«/fa2+b2 ) (d+\/—cz+dz )) EllipticPi|

d++/ -c2+d? +c Tan“— (e+f x) w
2a+/-c?+d? 4/ -c?+d?
a o R Ar'cSin[ } R

—bc—\/—a2+b2c+a(d+\/—c2+d2) \E

2,‘/7 2 d2
#] + (ac+ (7b+\/732+b2] (d+ﬂ7C2+d2 ]] ElliptiCPi[
d++-c?+d?

| 55



56 | Mathematica 11.3 Integration Test Results for 4.1.2.3 (g sin)”p (a+b sin)~m (c+d sin)”n.nb

d++/ -c?+d? +c Tan %(ewa)}
2am A S. { A/ -c2+d?

, ArcSin
—bc+\/—a2+b2c+a(d+\/—c2+d2) V2

2V -2 d? chos[e+-Fx}Sec[l(e+-Fx)]2
—————— ]| V/Sin[e+ fx] 2 +
div/-c2+d? c?-d?

cSec[i (e+fx)]2 (c+dsinfe+fx]) Tan[i <e+-Fx)]

/

c? - d?

2
2+/-a*+b*> (bc-ad) [d+w/—c2+d2] Jec+dSinfe + fx]

cSec[i(ewa)]z(c+dSin[e+fx]) _cTan[i(eﬂcxH
c?-d? d+-c?+d?

cSec[i (e+Fx)]2 (c+dSinfe+fx])

c~/-c?+d? v/Sinfe + fx] \/

c2-d2

(c [—ac+(b+m) (d+m)

Sec[% <e+fx)]2J/

d+V-c?+d? +cTan[§ (e+fx)]

42 /-2 +d? J

d+-c2+d? +cTan[i (e+Fx)] d++-c2+d? +cTan[§ (e+Fx)]
1- 1-
2+ -c?+d? d++V-c?+d?
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a (d+\/7c2+d2 +cTan[§ (e+fx)])
1- +
{ -bc-+/-a2+b? c+a(d+\/ﬂ>]

(c (ac+ (7b+m] (d+m]) Sec[% (e+-Fx)]2)/

d+vV-c2+d? +cTan[§ (e+Fx)]

4\/?x/—cz+d2 J

d+V-c?+d? +cTan[i (e+fx)] d++V-c2+d? +cTan[% (e+-FxH
1- 1-
W

d++/-c?+d?

a <d+m+cTan[§ <e+-Fx)])
1-
{ —bumua(mm)] /

cTan[i (e+Fx)]

d+V-c?+d?

2
J-a?+b? (bc-ad) [d+w/7C2+d2) Jc-dsinfe fx] \l

Problem 48: Unable to integrate problem.

JCSC[E-%—'FX] va+bSin[e+fx] Vc+dSin[e+fx] dx

Optimal (type 4, 391 leaves, 3 steps):

d ry
5 \/c+d Ellipticpil - lex >,Ar‘cSin[\/a+b exdsinfe-fx) I
va+b f (a+b)c Vc+d Va+bsin[e+fx] (a+b) (c-d)

bc-ad) (1-5i +f
Sec[eJr-l:x]\/—< €@ >< nie XH

(c+d) (a+bsinfe+fx])

(a+bsinfe+fx]) +

\/(bc—ad) (1+sin[e+fx]) 1

(c-d) (a+bsinfe+fx]) Jaib f
b +d i -b +d
2+/c+d Ellipticpi[gj Ar‘cSin[\/aJ'b co+dSinfe + fx] L, (a-b) (c )]

(a+b) d Vc+d Va+bsinje+fx]  (a+b) (c-d)

(bc-ad) (1-sinfe+fx]) (bc-ad) (1+Sinfe+fx])
Sec[e+fx] |- (a+bsinfe+fx])
<C+d> (a+bSin[e+fx]) (c,d) (a+bSin[e+Fx])
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Result (type 8, 37 leaves):

JCSC[E-%—'FX] vVa+bSin[e+fx] Vc+dSin[e+fx] dx

Problem 49: Unable to integrate problem.

JCsc[eﬂcx] vJa+bSin[e + fx] 4
X

Jc+dSin[e + £x]

Optimal (type 4, 198 leaves, 1step):

1 d i -b d
_;2 c.d ElliptiCPi[M,Ar‘cSin[\/aer Vc+dSinfe + f x] L, (a-b) (c+ )]
Va+b cf (a+b)c Ve+d Va+bSin[e+fx] (a+b) (c-d)

bc-ad) (1-5i f bc-ad) (1+5i f
Sec[e+fx]\/( c-ad) | infe+fx)) \/< c-ad) (1+sinfe+fx)) (a+bsinfe+fx])

(c+d) (a+bSin[e+fx]) (c-d) (a+bsinfe+fx])

Result (type 8, 37 leaves):

Csc[e+fx] Va+bSin[e+fx]
J dx

Vc+dSinfe + fx]

Problem 50: Unable to integrate problem.

Cscle+fXx]

dx

J\/a+bSin[e+1°x} Vec+dSinfe + fx]

Optimal (type 4, 398 leaves, 3 steps):

B P
ava+b cf
d i -b d
EllipticPi[a<c+ >,Ar‘cSin[\/aer Verdsinfe . £x] | (2-b) (e >]Sec[e+fx]
(a+b)c Vc+d Va+bSin[e+fx] (a+b) (c-d)

(a+bsinfe+fx]) -

\/_ (bc-ad) (1-sinfe+fx]) \/ (bc-ad) (1+Sinfe+fx])

(c+d) (a+bsinfe+fx]) (c-d) (a+bsin[e+fx])

Je+d vVa+bSinfe + fx] ]
Ja+b v/c+dSinfe + fx] ’ (a-b) (c+d)

[2 b+/a+b EllipticF[ArcSin|

(bc-ad) (1-Sinfe+fx]) (bc-ad) (1+Sinfe+fx])
Sec[e + f x] _
(a+b) (c+dsSinfe+fx]) (a-b) (c+dsinfe+fx])

(c+dsinfe+fx])

/(am(bc—ad)f)
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Result (type 8, 37 leaves):

Cscle + fXx]

dx

J\/aerSin[eJr-Fx} Jc+dSinfe+ fx]

Problem 51: Result more than twice size of optimal antiderivative.
J(a+a$in[e+fx])"1 (A+BsSin[e+fx])? (c-cSin[e+fx])"dx
Optimal (type 6, 157 leaves, 4 steps):

1
af (1+2m)

B (1+Sinfe+fx])

}

1 1 1 3
2 AppellF1[7+m, —-n, -p, —+m,
2 2 2

N |

(1+sinfe+fx]), -
A-B

1
Secle+fx] (1-Sinfe+fx]):" (a+aSin[e+fx])""
b A+BSin[e+fx]\P
A-B

(A+BSin[e+fx]) (c-csinfe+fx])"

Result (type 6, 417 leaves):

2 (A+B) (3+2n)

2Bsin[! (2e-n+2fx)]’

1 1 3 1 2
AppellF1[=+n, —=-m, -p, —+n, Cos[~ (2e+n+2Fx)]|",
2 2 2 4 A+B

Cos[1 (2e7n+2fx)]2

1
—(2e+m+2F 1+Si +f m
. 4( e+ x)] (a | infe+fx]))

(A+BsSin[e+fx])P (c-csinfe+fx])" Sin[1 (ze+mzfx>f]?'m]/

4
1 1 3
f(l1+2n) [-(A+B) (3+2n) AppellFl[=+n, =-m, -p, —+n,
2 2 2
2BSin[t (2e-n+2fFx)]?
COS{1(2e+7T+2'FXH2, [4( )] }+
4 A+B

3 1 5 1 2
4BpAppellFl[=+n, —-m, 1-p, —+n, Cos|[~ (2e+n+2fx)]|",
2 2 2 4

3 3 5
|+ (A+B) (-1+2m) AppellF1[=+n, = -m, -p, —+n,
2 2 2

]

2Bsin[L (2e-n+2fx)]”

A+B

2Bsin[t (2e-n+2Fx)]° 1
: Cos[~ (2e+m+2Fx)]

Cos[
A+B 4

<2e+7r+2'FX)] R

FNQRN
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Summary of Integration Test Results

51 integration problems

A - 13 optimal antiderivatives

B - 11 more than twice size of optimal antiderivatives
C - 21 unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - 2integration timeouts



